Three reasons explain the choice of the crude oil market for empirical tests. First, at the beginning of the 1990s, Metallgesellschaft's 3 attempt to cover long-term forward commitments on the physical market of petroleum products with short-dated futures contracts ended in a resounding failure (USD 2.4 billions were lost), but it initiated research on whether this could be safely undertaken. Second, dynamic hedging strategies are especially questionable in commodity markets,
as term structure models rely on non observable state variables. The hedge portfolio is a combination of futures contracts with different maturities and one may ask whether such a hedge is reliable. Third, the crude oil market is nowadays the best developed commodity futures market with maturities out as far as nine years, which is exceptional for commodities.
Relatively few studies of long-term dynamic hedging strategies have been carried out. Most of the time, the hedging problem was tackled by modelling the relationship between the futures pricesie term structure models. The various strategies differ from each other mainly in the assumptions concerning the behaviour of futures prices. So studies of hedging strategies are above all associated with theoretical studies of the term structure, and empirical works have been much rarer 4 . Brennan and Crew (1997) compared the hedging strategy used by Metallgesellschaft on the crude oil market with strategies relying on several term structure models. Studying hedging strategies up to 24 months, they showed that those relying on the term structure models outperform by that of the German firm by far, all the more as the term structure model is able to correctly replicate the price curve empirically observed. In 1997, Schwartz proposed three new term structure models involving the spot price, the convenience yield and the interest rate. In order to take into account the storage behaviour of the operators in commodities markets, he introduced mean reverting processes. He also computed the hedge ratios associated with these models, but did not undertake empirical tests. Neuberger (1999) compared the performances of hedging strategies based on Schwartz's two factor model and on a new model. In the latter, no assumption is made about the number of variables, the process they follow, or the way risk is priced. The key assumption is that the expected price at which the long dated contract starts trading is a linear function of the price of existing contracts. While theoretically inconsistent with most models of the term structure of commodity prices, this new model still gives good results in practice, when considering hedging strategies up to 36 months. However, it requires balancing the portfolio more frequently than with Schwartz's one. In their model, Routledge, Seppi, and Spatt (2000) took into account the fact that in commodity markets, the basis has an asymmetrical behaviour: it is more volatile in backwardation than in contango. Once again, they computed the hedge ratios based on their term structure model but they did not test dynamic hedging strategies. Lastly, Veld-Merkoula and de Roon (2003) used a one factor term structure model based on convenience yield to construct hedge strategies that minimize both spot price risk and rollover risk by using futures of two different maturities. They showed that their strategy outperforms the naïve hedging strategy. However, they did not compare their results with previous work.
Compared to previous works, three of the major contributions of the paper are, first to have explicitly calculated the hedge portfolios of the term structure models employed in the study, second, to have found a methodology that leads better optimal hedge ratios than those traditionally employed and third, to have demonstrated its usefulness empirically. The article is organized as follows. The first part 1 describes the hedging problem: the forward commitment on the physical commodity market and the choice of short-term futures contracts to protect the commitment against prices fluctuations.
Part 2 presents the term structure models which serve as a basis for the dynamic hedging strategies and the hedge ratios associated with these models. Part 3 is devoted to the analysis of the performance of the hedging strategies. Part 4 presents empirical results and Part 5 concludes.
I. THE HEDGING PROBLEM
This example which considers an operator on the physical market 5 , is based on Metallgesellschaft's strategy: at a date t, a trader sells forward a barrel of crude oil for delivery at T.
He does not have this barrel now and decides to wait until a few days before delivery to buy it on the spot market, thereby avoiding the storage costs associated with the commodity between t and T, but risking a rise in spot prices.
In order to protect himself against fluctuations in the spot price, the trader initiates a dynamic hedging strategy on the futures market: the maturity of the position hold on the paper market is shorter than the one of the commitment. This could be because of the lack of liquidity on the longer maturities in most derivative markets 6 , and/or because the available futures contracts do not have a sufficient maturity to cover the position held on the physical market (as was the case for Metallgesellschaft). The gap between the maturities of the physical and paper positions leads naturally to a stack and roll strategy. Indeed, the use of shorter maturities supposes that the hedge portfolio is rebalanced regularly as the future's expiry date approaches, in order to constantly maintain the position on the futures market.
II. TERM STRUCTURE MODELS OF COMMODITY PRICES AND HEDGE RATIOS
In this article, the dynamic hedging strategies are based on three term structure models of commodity prices 7 . So, it relies on the relationship between the futures prices of different maturities and uses combinations of futures contracts having different maturities. Each of these term structure models has specific implications for hedging strategies, and leads to different hedge ratios.
A. Three term structure models
The three term structure models chosen for the study of dynamic hedging strategies are a one-, a two-, and a three-factor model. The first two were proposed by Schwartz (1997) . They are currently well known and extensively used. The single state variable of the first one is naturally the spot price. It is mean reverting, in order to ensure the realism of the model. The two-factor model is an extension of the previous one. It is also mean reverting and includes an additional variable: the convenience yield. Lastly, the three-factor model of Cortazar and Schwartz' (2003) includes a third variable: the long-term price. So there is continuity between the different models, from the simplest to the most complicated.
One-factor model
A futures price is often defined as the expectation of the future spot price, conditional on the available information at date t and under the risk neutral probability. As the spot price is the main determinant of the futures price, most one-factor models rely on the spot price. There have been several one factor models in the literature on commodity prices. Most of them 8 retain a mean reverting process for their one-factor model. The storage theory (Brennan (1958) ) and the Samuelson effect (Samuelson (1965) ) show that this kind of dynamics, especially for commodity prices, is more relevant than a simple geometric Brownian motion. Among these models, that of Schwartz (1997) , inspired by Ross (1995) is the best-known. In that case, the dynamic of the spot price under the historical probability is:
with : κ, σ >0
where: -S is the spot price, -µ the long-run mean of lnS, -κ is the speed of adjustment of lnS, -σ is the volatility of the spot price,
-dz is the increment of a standard Brownian motion associated with S.
Defining X = ln S and applying Ito's Lemma, this implies that the log price is an OrnsteinUhlenbeck stochastic process:
Solving this equation under the risk-neutral probability, gives the relationship between the futures price F at t for delivery in T (which is observable) and the variable S:
with: 
=
Two features of this model are that as the time to maturity of the futures contract tends to infinity, the volatility of its price converges to zero but that the futures price converges toward a fixed value, which is independent of the spot price:
S F
In this model, when the spot price is above F(S,∞), the term structure is in backwardation.
Conversely, when the spot price is below, it is in contango. The main limitation of this model is that it does not allow for much flexibility in the prices curves.
Two-factor model
When a second state variable is introduced in a term structure model, it is usually the convenience yield. However, two-factor models with a long term price have also been developed. In all models, the introduction of a second state variable allows for more varied shapes of curves than one factor models and more varied volatility structures. Schwartz' model (1997) is probably the most famous term structure model of commodity prices. It was used as a reference to develop several models that are more sophisticated 9 .
Based on the one proposed by Gibson and Schwartz in 1990, Schwartz' model (1997) is more tractable than the earlier version: it has an analytical solution. The two-factor model supposes that the spot price S and the convenience yield C can explain the behavior of the futures price F. The dynamics of these state variables is: where: -µ is the drift of the spot price, -S σ is the spot price volatility, -dz S is an increment to a standard Brownian motion associated with S, -α is the long-run mean of the convenience yield, -κ is the speed of adjustment of the convenience yield, -is the volatility of the convenience yield, C σ -dz C is an increment to a standard Brownian motion associated with C.
The increments to standard Brownian motions are correlated, with:
where ρ is the correlation coefficient.
Solving this equation gives the relationship at t between an observable futures price F for delivery in T and the state variables S and C:
with: The price to pay for the increased flexibility is increased complexity, because the model has six parameters, as opposed to two for the one factor model.
Three-factor model
In 2003, Cortazar and Schwartz proposed a three-factor model related to Schwartz (1997) . In this model, the authors consider as a third risk factor the long term spot price return, allowing it to be stochastic and to return to a long term average. The two other stochastic variables are the spot price and the convenience yield. The latter models short-term variations in prices due to changes in inventory, whereas the long term return is due to changes in technologies, inflation, and demand pattern. The dynamic of these state variables is the following: The expression for the futures price is:
with:
The volatility of futures returns is: This is consistent with a mean reverting non stationary process.
Each model containing a different number of underlying factors, each of them has specific implications for hedging strategies. This leads naturally to different hedge ratios.
B. Hedge ratios
In this paragraph, we compute the hedge ratios associated to the term structure models 10 , in a way that provides an easy way to compare the models.
To properly hedge the forward commitment, the sensitivity of the present value of the commitment with respect to each of the underlying factors must equal that of the portfolio of futures contracts used to hedge the commitment with respect to the same factors. So the number of positions w i in futures contract with maturity τ i required to hedge the forward commitment to deliver one unit of a commodity at time T is obtained by solving a system of equations. Lastly, since the three models assume constant interest rates, and therefore that futures prices are equal to forward prices, the present value of the forward commitment per unit of the commodity is obtained by discounting the future (forward) price.
The one factor model requires only one position in the futures market 11 :
The solution of this equation is:
where:
This hedge position represents the uncertainty associated with the spot price. As transaction costs are high in physical commodity markets, it seems natural to choose a short-term futures contract as the proxy for this hedge position.
In the two factor model the second source of uncertainty is the convenience yield. As there is no traded asset representing the convenience yield, a second position in the futures market is taken as a hedge. So we require two positions for delivery at times t 1 and t 2 :
The solution of the system is:
where: ( ) ( )
Lastly, the three-factor model requires three positions, respectively representing the spot price, the convenience yield, and the long term price:
As there is no traded asset associated with the long-term price, a third futures position is taken as a hedge. So, the hedge portfolio is a combination of futures contracts.
The solution of this system 12 is:
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One feature of hedge portfolios in commodity markets is quite specific, if we compare them with other derivative markets: there is no investment in the physical asset. So there is no need to finance this investment. In addition as all hedging positions are futures positions, they only require a deposit. In order to determine the weight w i , it is necessary to choose the maturity τ i . More traditionally, all the hedge ratios presented above are state dependent and decline with the maturity of the forward position.
Equations [7] , [9] and [11] involve various first-order derivatives. For the models considered here, these derivatives are, up to a factor, the initial futures. This property proves to be very useful for the estimation procedure.
III. PERFORMANCES OF THE HEDGING STRATEGIES
The performances of the hedging strategies are judged by the ability of the hedge positions undertaken in the futures market to ensure a correct hedge for the commitment in the forward market.
So the prices fluctuations recorded on the futures contracts must be as close as possible to the changes recorded on the forward contract. This kind of approach is comparable to a delta hedge.
A. Delta hedge of the forward commitment
Following Brennan and Crew (1997) The intermediate result at t on the physical market is the variation of the present value of the forward commitment, between (t-1) and t:
where: -L is the present value of the forward commitment,
-τ is the maturity of the commitment,
-r is the interest rate observed at t for the maturity τ 14 halshs-00640802, version 1 -5 Jul 2013
-F(t, τ) is the futures price at t with maturity τ
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The intermediate result at t on the futures market depends on the hedge ratios and on the variations of the futures prices between (t-1) and t. For example, for the two-factor model, the hedge is made of two different positions w 1 and w 2 , which maturities are respectively τ 1 and τ 2 . In that case, the intermediate result recorded during one sub period is:
where Δ i F i represents the variation of the futures price of maturity τ i between (t-1) and t:
Naturally, the pairs (w i ,τ i ) change with the model and maturities chosen for the hedge ratios. Now, the intermediate error e t,τ between (t-1) and t can be written:
If the hedge was perfect, the error would be equal to zero. A positive error means that the futures positions overestimate the variations in the value of the forward commitment: there is an overhedge. On the contrary, a negative error implies an underestimation of the fluctuations in the value of the commitment.
B. Estimation procedure
In order to test the dynamic hedging strategies, we need the parameter values of each model but these depend on non-observable state variables. The spot price, the convenience yield and the long-term price are regarded as non-observable because most of the time, there are no reliable time series for the spot price and because the convenience yield and long term price are not traded assets.
A Kalman filter 14 is used to overcome this difficulty. However, it is used in a specific way, in order to take into account the errors associated with the futures prices or with the hedge ratios, depending on the objectives of the study.
The errors associated with futures prices and hedge ratios
When the Kalman filter is applied to term structure models of commodity prices, the and for the whole estimation period.
The application of term structure models to dynamic hedging strategies however introduces another potential source of error: the one associated with hedge ratios. As shown by equations [7] , [9] and [11], the hedge ratios are obtained by calculating the first derivatives of the function linking the futures prices and the state variables. Thus, in order to adjust the sensitivity of the present value of the commitment to that of the hedge portfolio, we suggest that for hedging purposes, the models estimations rely on the derivatives themselves instead of the prices, as is usually done.
In order to take into account the errors associated with hedge ratios as well as prices' errors, and to control all the dimensions of the first derivatives used to determine the hedge ratios, we minimized the weighted error E t :
( ) -(1-ß) is the weight of the error associated with hedge ratios.
When the purpose of the estimation procedure is to determine which model is the best suited to replicate the price curve, the relevant criterion for the estimation is the innovation v t . The errors associated with the hedge ratios are ignored, ß is set to 1, and E t reflects only prices errors.
Conversely, when the objective is to construct optimal dynamic hedging strategies, the prices innovations are not taken into account and ß is set to zero 15 . If we were interested in hedging and pricing, we would have to adjust empirically the parameter ß.
A focus on the errors associated with hedge ratios
The hedge ratios w i are set to satisfy equations [8], [10] or [12] . However, as there is a discrepancy between the model and reality, if we replace the derivatives computed in the model by the actual ones, that is to say, the ones computed from futures prices, there will be an error which changes with the model. For example, for the one-factor model, is:
The star indicates the use of the true derivatives.
We would like to minimise the error of the hedging strategy but we cannot use the derivatives computed with the model because the error would by definition be zero. Furthermore this error assumes that the model is correct. So we would have to use the true derivatives of the futures which are unknown. One way would be to estimate them from the data but these types of estimates are often numerically unstable. At this point we use the fact that in all three term structure models considered in this study, the derivatives are proportional to the futures prices. So after multiplying the first equation in each model by S(t), we obtain a new error, involving the futures values themselves.
For example, in the first model, this new error term e t is:
e e w F( ) e F(
For the other two models we do not have to change the second and third terms, because the derivatives are already expressed as a constant multiplied by the futures' value. So, for the two factor model, the term to minimize is: 
Thus e t becomes: 
These errors terms are directly related to our objective to hedge a long-term commitment with short-term futures contracts.
IV. EMPIRICAL TESTS
In this part of the article, we first present the data. Then we compare the ability of each model to replicate the prices curve. Lastly, we present the results obtained with the dynamic hedging strategies. The latter are tested in a way which is as close as possible to the situation of the trader.
We suppose that the operator uses all available information and calibrates his model each time he initiates a new position in the futures market. In other words, we use out-of-sample procedures.
A. Data
The crude oil data are daily settlement prices for the light, sweet, crude oil contract negotiated on the New York Mercantile Exchange (Nymex), from 17 March 1997 to 21 June 2005. When preparing the data, we reconstructed the Nymex calendar in order to determine precisely which contract has, for example, a one-or a two-month maturity and to determine when the contract changes from the two-month's maturity to one-month. Care is also required with the interest rates. We used the daily interest rates for US government bonds for the appropriate maturity. All the data (futures prices and interest rates) were extracted from Datastream. We need the parameters of the models in order to measure their ability to reproduce the prices curve. Monthly observations on crude oil futures prices were used to estimate the optimal parameters associated with each term structure. Moreover, for the parameter estimations, and for the measure of the performances, four series of futures prices were retained and we used rolling windows. The length of these windows corresponds to the maturity of the commitment on the physical market. For the latter, we chose six different delivery dates: 7, 6, 5, 4, 3, and 2 years. The fourth price used for the calibration has a maturity that is identical to the one of the physical commitment. Thus, we took into account first, that the parameters change with time, second that they vary with maturity (Schwartz, 1997) . Moreover, because the nearest futures price contains a lot of information but may also contain a lot of noise, we always retained the 2 nd month maturity for the estimations. Table 1 gives the performances obtained for the three models (M1 stands for the one-factor model, M2 for the two-factor model and M3 for the three-factor model), for different maturities on the physical market. On the basis of the RMSE computed on futures prices, the three factor model outperforms the two others whatever the delivery date of the commitment. Moreover, the RRMSE show that the differences between the performances increase with the maturity of the commitment:
the longer, the horizon of analysis, the better is the three factor model. Lastly, the performances decrease with the length of the commitment on the physical market. These results suggest that dynamic hedging strategies relying on this model will be the best.
INSERT TABLE 1 ABOUT HERE

C. The hedging strategies
In this paragraph, after presenting the dynamic hedging strategies tested on the observation period and the choices we made in order to undertake the empirical tests, we give the results of the tests.
Presentation
The database allows us to test numerous strategies. Similarly, for a six-year commitment, it is possible to study 28 strategies; for a five year commitment, the number increases to 40 strategies, and so on. For each strategy, different combinations of maturities can be used for the hedge ratios. If we retain two different combinations of maturities for the hedge ratios, 32 strategies can be studied for a seven-year commitment, 56 for a six-year commitment, and so on. The number of strategies is even larger if we use different frequencies for the rebalancing of the portfolio.
Our choice of the maturities of the positions composing the hedge portfolio respects two different constraints: first, the necessity to keep a short-term contract in the hedge portfolio, in order to benefit from the higher liquidity on these contracts; second, the fact that each futures contract must represent a different source of uncertainty. If the maturities of the futures positions are too close to each other, the futures prices will evolve similarly and there is a risk that the hedge is not efficient. This is why we chose the maturities of 2, 6 and 18 months.
Performances of the dynamic hedging strategies
In order to measure the performance of the dynamic hedging strategies, we carried out and compared 3,912 strategies. Different tests were undertaken. On the basis of traditional statistics we show i) the influence of the choice of the model on the performances of the strategies; ii) the sensitivity of the performance to the frequency of the roll over; iii) the variations in the performances when the maturities chosen for the calibration change; iv) how the performances change when the errors associated with the hedge ratios are taken into account. We then confirm our findings by examining the frequency distributions of the errors for all these tests.
The choice of the model Table 7 below). Table 2 shows that the relative performance of the different strategies depends on the model and maturity of the commitment on the physical market. For a delivery date situated between 24 and 36 months, the three-factor model outperforms the two factor model, which in turn outperforms the one factor model. These results are in line with the performances of the models in Table 1 : the better, the model; the better, the performance of the strategies. However, this ordering changes as the maturity of the forward commitment increases: then, the best strategies are those relying on the one factor model, and the three factor model is the worst, whatever the criterion.
INSERT TABLE 2 ABOUT HERE
The frequency of the roll over When using dynamic hedging strategies, especially on long-term horizons, the frequency of the roll over is an important factor. The higher the frequency, the closer the hedging strategy becomes to a continuous time strategy with low errors. However, rolling the portfolio incurs transaction costs.
Moreover, there is a need to optimize the procedure each time the portfolio is rebalanced.
The sensitivity of the performance to the frequency of the portfolio is illustrated by Tables 3   and 4 . They show how performance changes with a portfolio rebalanced, respectively every two or three months. These results must be compared to those in Table 2 , where the portfolio is rebalanced each month.
INSERT TABLE 3 ABOUT HERE
The results presented in Tables 3 and 4 are in line with those in Table 2 , as far as the order of the different strategies / models is concerned: for short-term maturities, the three-factor model is the best, the one-factor the worst. However, for maturities exceeding 36 months, the hierarchy is reversed. The comparison between Tables 2, 3 and 4 also shows that the lower the frequency of the rollover, the worse the performance of the dynamic hedging strategies. The maximum and minimum hedging errors become really important, especially for the three-factor model. More interestingly, the sensitivity to the frequency of the rollover is higher for the one factor model, whereas the sensitivities of the two and three factor models are comparable.
INSERT TABLE 4 ABOUT HERE
The maturities chosen for the calibration of the models and the hedge portfolio
Another important choice for dynamic hedging strategies is the maturity retained for calibrating the term structure models and the hedge portfolios. As mentioned before, different kinds of constraints must be taken into account. The first is the lack of liquidity for long-term futures contracts.
The second constraint is the fact that the futures contracts' maturities must not be too close to each other. A third one, which is incompatible with the first constraint, is that the best way to reconstitute the term structure of futures prices is to take into account the two ends of the curve, because they have different informational contents ).
In order to examine the sensitivity of the tests to the maturity chosen for the calibration, we used longer maturities: 2, 12 and 24 months, instead of 2, 6, and 18 months. Comparing Table 5 with Table 2 , the performances of all strategies are markedly improved. Moreover, the ordering of the different models is now more intuitive: the three-factor model outperforms the two others, whatever delivery date is concerned. Still, the one-factor model performs quite well. This shows that although using shorter maturities ensures better liquidity, the resulting hedging strategies do not perform as well.
INSERT TABLE 5 ABOUT HERE
The errors associated with hedge ratios
The last test takes into account the errors associated with the hedge portfolios during the optimization procedure, as was described in paragraph 3.2.2. Table 6 presents the results obtained.
These are significantly better than those in Tables 2 and 5 whatever maturity of commitment is considered, and whatever criterion is used. With this technique, the three-factor model clearly outperforms the others, whatever the delivery date taken into account. Moreover, the extreme values of the errors are substantially reduced.
INSERT TABLE 6 ABOUT HERE
So, taking account of the errors associated with hedge ratios gives us the best of both worlds: the higher liquidity of short term futures contracts for the hedge portfolio, together with high quality performance 16 .
Frequency distribution of errors
The better performance of the dynamic strategies when the error associated with the hedge ratios are taken into account, is confirmed by the frequency distributions of the monthly hedging errors. Table 7 summarizes the characteristics of the hedging errors corresponding to Tables 2, 5 and 6.
INSERT TABLE 7 ABOUT HERE
The frequency distributions of the monthly errors corresponding to the different tests share some general features. First, they all have very high kurtosis values (the Jarque-Bera tests always leads to rejecting the hypothesis of normality, at the 5% level). Second, the skewness is generally negative: the errors are spread more to the left of the mean, which means that the strategies are under-hedged. These results are consistent with those obtained by Harris and Chen (2006) . Table 7 summarizes three different situations. In the first one (β = 1 and F=2_6_18), the three models are compared on the basis of a "standard" calibration procedure. The maturities taken into account are rather short. The three-factor model not only performs better for short term commitments, as far as the standards statistics in Table 2 are concerned, but it also allows for an increase of low hedging errors: with the three-factor model, when the maturity of the commitment is set to 36 months, 87.78% of the errors are situated between -0.5 and +0.5 dollar per barrel, whereas the same figures for the one-and two-factor models are respectively 44.44% and 56.38%. However, when the maturity of the commitment increases, this ordering can change.
The second situation depicted by Table 7 corresponds to the standard calibration procedure, but using long-term maturities (see also Table 5 ). In that case, the information conveyed by the prices of the futures contracts retained for the optimization is higher. Compared with the previous tests, longterm maturities give better results. However, using long-term maturities amounts to giving up on liquidity.
The third situation corresponds to the new calibration procedure, when the errors associated with hedge ratios are taken into account and short-term maturities are used for the futures contracts (see also Table 6 ). The results in Table 7 and Figure 2 show that these hedging strategies outperform the others. While benefiting from the higher liquidity of short term contracts, the new calibration procedure leads to a reduction in the extreme values of the errors, a marked increase in the percentage of low hedging errors and a marked decrease in the percentage of high hedging errors.
Moreover, the tendency to under hedge the physical commitment clearly diminishes.
INSERT FIGURE 2 ABOUT HERE Hedge ratios
Another difficulty that arises when carrying-out dynamic hedging strategies based on term structure models is that the number of the futures positions in the hedge portfolio is at least equal to the number of state variables in the model. With a three factor model, this might create some difficulties. Figure 3 illustrates this point. It presents the average hedge ratios associated with the dynamic hedging strategies based on the three factor model, with a two-year maturity for the commitment on the physical market, with a standard calibration procedure, and with short-term maturities for the futures contracts. In the study period, we could carry out 76 hedging strategies having a two-year commitment. Figure 3 shows that when the time to maturity is equal to 24 months (i.e. when the forward contract is initiated), in order to hedge one physical barrel, we need 2.67 paper barrels on average.
The hedge portfolio is composed of a short position on the six month futures contract corresponding to 0.88 paper barrel (M3_B1_C2_2618_W2(M)) and two long positions; firstly 0.37 paper barrel on the two-month futures contract (M3_B1_C2_2618_W1(M)) and secondly 1.42 paper barrels on the eighteen-month futures (M3_B1_C2_2618_W3(M)).
INSERT FIGURE 3 ABOUT HERE
The situation worsens when the maturity of the commitment on the physical market reaches seven years 17 , as illustrated by Figure 4 . In that case, when the time to maturity is 84 months, 20.28 paper barrels 18 are on average needed to hedge 1 physical barrel! This raises not only the problem of liquidity, but also that of transaction costs.
INSERT FIGURE 4 ABOUT HERE
Figures 5 and 6 illustrate what happens when the errors associated with hedge ratios are taken into account. Figure 4 shows that to hedge a 24 months commitment, there is now a need, on average, for 1.63 paper barrels per physical barrel 19 . And the improvement becomes spectacular when considering a seven-years commitment, as shown by Figure 5 : then, 1.62 paper barrels are needed for 1 physical barrel, on average 20 . This figure must be compared with 20.28 given above.
INSERT FIGURE 5 ABOUT HERE
INSERT FIGURE 6 ABOUT HERE One difficulty still remains: futures contracts are standardized, and it is not possible to buy or sell arbitrary quantities of paper barrels. More precisely, on the crude oil market, the futures contracts correspond to a volume of 1,000 barrels. This constraint probably also has an impact on the performances of the dynamic hedging strategies, but we leave this problem for future research.
CONCLUSION
This article presents a new and original way for calibrating term structure models for dynamic hedging strategies. These strategies are important in all derivative markets, especially when longterm transactions are considered. Term structure models constitute a natural theoretical framework to study them as they are based on arbitrage reasoning. Taking into account the errors associated with hedge ratios gives us the best of two seemingly incompatible worlds: the higher liquidity of short-term futures contracts for the hedge portfolios, together with markedly improved performances.
We studied the dynamic hedging strategies associated with three recent term structure models of commodity prices, with one, two, and three state-variables, respectively. The single factor of the first one is the spot price, which is mean reverting. The two factor model is an extension of the previous one. It is also mean reverting and includes an additional variable: the convenience yield.
Lastly, the three factor model includes the long term price as the third variable. So, there is continuity between the different models, which enriches the comparison of the hedging performances.
We chose to perform our empirical tests on the crude oil market using the futures contract negotiated on the New York Mercantile Exchange as it is the most actively traded commodity futures contract. One reason for testing the performance of these strategies on commodities is that as the state variables of the term structure models are non observable, the hedge portfolios are combinations of futures positions having different maturities.
Our analysis of more than 3,900 strategies (including more than 45,000 hedging errors)
showed that taking account of the errors associated with hedge ratios when constructing the portfolios improves the performances of the hedging strategies, while still allowing us to hedge with short-term instruments. It also reduces the mean and standard deviation of the errors, especially for long-term commitments; it drastically decreases the extreme values of the errors; the tendency to under hedge the forward commitment is lessened; fewer futures contracts are required in the hedge portfolio, which would otherwise be a cause for concern with the three-factor model. This is all the more important since the three-factor model is the best one. Finally, as the dynamic hedging strategies performed well during the study period from 1997 to 2005 when crude oil futures prices fluctuated strongly, we feel confident of their robustness and reliability. calculated. The innovation is used, in the third iteration step -or updating phase -to obtain the value of t α conditionally on the information available at t. Once this calculation has been made, t α is used to begin a new iteration. Thus, the Kalman filter makes it possible to evaluate the non-observable variables α , and it updates their value in each step using the new information.
The state-space form model, in the filter, is characterized by the following equations:
• Transition equation: 
The initial value of the system is supposed to be normal, with mean and variance:
α is a non biased estimator of α t , conditionally on the information available at t, then:
As a consequence, the following expression defines the covariance matrix P t :
During one iteration, three steps are successively tackled: prediction, innovation and updating.
• Prediction :
and P t / t-1 are the best estimators of α t/t-1 and P t/t-1 , conditionally on the information available at (t-1).
• Innovation : and v t is the innovation process, with F t as a covariance matrix.
• Updating :
The matrices T, c, R, Z, d, Q, and H are the system matrices associated with the state-space model. M23  M22  M21  M20  M19  M18  M17  M16  M15  M14  M13  M12  M11  M10  M9  M8  M7  M6  M5  M4  M3 M2 M1
Time to maturity
Number of paper barrels 1 Corresponding author. 2 The two factor models of Schwartz (1997) and of Schwartz and Smith (2000) can be considered as two different versions of the same model.
3 For more information on the Metallgesellschaft case, see for example Miller (1994, 1995) or Edwards and Canter (1995) . 4 Another kind of literature is focused on optimal hedge ratios, and do not explicitly consider the term structure of futures prices. For references on this type of literature, see for example Chen et al (2004) . 5 The commercial profit of the trader is set to zero for simplicity. 6 In the American crude oil market, in 2005, more than 84% of the trading volume was concentrated on the first three months! 7 For a review on the literature on term structure models of commodity prices, see for example .
8 Schwartz (1997) , Cortazar and Schwartz (1997) , Routledge, Seppi and Spatt (2000) , among others.
9 See for example Hilliard and Reis (1998) , Schwartz (1998 ), Neuberger (1999 , Schwartz and Smith (2000) , Yan (2002) , Richter and Sorensen (2002) , Veld-Merkoulova and de Roon (2003), Cortazar and Schwartz (2003) . 10 To the best of our knowledge, the hedge ratios have never been computed before for the three-factor model.
11 F x stands for x δ F δ 12 Cortazar and Schwartz (2003) did not compute the hedge ratios associated to their term structure model. The details of these computations are available from the authors upon request. 13 As we need to test the efficiency of the hedging strategies, we did not use the term structure models in order to compute the value of the
